Abstract. We prove the non-vanishing of the generalized Kato classes of Darmon-Rotger in cases where they lie in the pro-p Selmer group of elliptic curves E/Q of rank 2. In particular, we prove the first cases of a conjecture of Darmon-Rotger in this rank 2 setting.
where T p Ш(E/Q) should be trivial, since Ш(E/Q) is expected to be finite. In this paper, for suitable primes p, we provide an affirmative answer to the second part of Question 1.1, with condition (1.2) replaced by its algebraic counterpart:
(1.3)
rank Z E(K) = rank Z E(Q) = 2 and #Ш(E/Q)[p ∞ ] < ∞.
This is achieved by establishing certain cases of a recent conjecture by Darmon-Rotger which we now recall. section) may be stated as follows (cf. [DR16, Conj. 3 .2, §4.5.3]). Let (1.7) κ α,α −1 , κ α,β −1 , κ β,α −1 , κ β,β −1 ∈ H 1 (Q, V p E) be the image of the classes in (1.4) under the projection H 1 (Q, V f gh ) → H 1 (Q, V p E) deduced from (1.5). 
]).
As an application of the main result of this paper (Theorem 1 below), numerical examples supporting this conjecture will be presented in §6.
1.3. Main result. We keep the setting introduced in §1.2, and letρ E,p : G Q → Aut Fp (E[p]) be the mod p Galois representation associated to E. Write
with N + (resp. N − ) divisible only by primes which are split (resp. inert) in K. Our main result towards Conjecture 1.2 is the following.
Theorem 1. Assume that L(E K , 1) and L(E/K, χ 2 , 1) are both nonzero, and that
•ρ E,p is irreducible,
• N − is square-free,
•ρ E,p is ramified at every prime q | N − .
If rank Z E(Q) = 2 and Ш(E/Q)[p ∞ ] is finite, then the generalized Kato classes (1.7) generate a non-trivial subspace of Sel(Q, V p E).
To be more precise, κ α,α −1 and κ β,β −1 are both nonzero, while κ α,β −1 = κ β,α −1 = 0.
Remark 1.4. The hypotheses in Theorem 1 imply that E has root number +1 (by e.g. [Nek01] ), that L(E, 1) = 0 (by e.g. [Kat04] ), and that N − is the product of an odd number of primes. Thus the elliptic curves E/Q in Theorem 1 all satisfy ord s=1 L(E, s) 2. Ifρ E,p is irreducible and ramified at some prime q, by [BFH90] and [Vat03] there exist infinitely many imaginary quadratic fields K and ring class characters χ of prime-power conductor such that the following hold:
• q is inert in K,
• every prime factor of N/q splits in K, • L(E K , 1) = 0 and L(E/K, χ 2 , 1) = 0.
Thus by Theorem 1 the generalized Kato classes (1.7) of Darmon-Rotger provide an explicit construction of non-trivial Selmer classes for rank 2 elliptic curves having a flavor similar to the Heegner point construction for rank 1 elliptic curves. Prior to this work, the only known construction of non-trivial classes in Sel(Q, V p E) for elliptic curves E/Q with ord s=1 L(E, s) 2 were due to Skinner-Urban (see [SU06, Urb13] ). It would be very interesting to compare the two constructions.
Remark 1.5. Letting log p : Sel(Q, V p E) → Q p denote the composition of the restriction map loc p : Sel(Q, V p E) → E(Q p ) ⊗ Z Q p with the formal group logarithm E(Q p ) ⊗ Z Q p → Q p , the proof of Theorem 1 yields the following expressions for the generalized Kato classes mod Q × p : κ α,α −1 = log p (Q) · P − log p (P ) · Q, κ α,β −1 = 0, κ β,α −1 = 0, κ β,β −1 = log p (Q) · P − log p (P ) · Q, where (P, Q) is any Q-basis of E(Q)⊗ Z Q. In other words, under the hypotheses of Theorem 1 the classes (1.7) generate the p-adic line ker(log p ) ⊂ Sel(Q, V p E)
inside the 2-dimensional Sel(Q, V p E). This confirms a prediction made by Darmon-Rotger (see [DR16, §4.5 .3]). Moreover, one can show that the classes κ α,α −1 and κ β,β −1 mod Q × are independent of the auxiliary choice of ring class character χ (see Remark 5.1).
1.4. Outline of the proof. The proof of Theorem 1 is based on the study of a certain p-adic L-function attached to E/K that we know recall, and its relation with the generalized Kato classes that we establish in this paper. We outline the proof of the non-vanishing of
changing the roles of p and p yields the analogous result for κ β,β −1 .
• Step 1: Euler system construction of Bertolini-Darmon theta elements. Let Γ ∞ be the Galois group of the anticyclotomic Z p -extension of K. By [BD96, CH18] , building on various generalizations of Gross' explicit form of Waldspurger's special value formula [Wal85, Gro87] 
interpolating "square-roots" of the central critical values L(E/K, φ, 1), as φ runs over finite order character of Γ ∞ . Starting with [BD96] , the element Θ f /K has been widely studied (see [Vat03, BD05, PW11] for a sample), but one didn't know its place in Perrin-Riou's vision [PR00] (or its natural extension [LZ14] to Z p -extensions other than the cyclotomic), whereby p-adic Lfunctions ought to arise as the image of p-adic families of special cohomology classes under generalized Coleman power series maps.
Letting κ(f, gh) be the 1-dimensional p-adic family of cohomology classes κ(f, g ℓ , h ℓ ) used in the construction of κ(f, g α , h α −1 ), in Section 4 we prove that
where Col η is a generalized Coleman power series map defined in terms of an "anticyclotomic" variant of Perrin-Riou's big exponential map [PR94] . The proof of (1.8) relies on work towards the "explicit reciprocity law" for diagonal cycles by Darmon-Rotger [DR17a] , and reduces to it when combined with a factorization of the triple product p-adic L-function [Hsi17] .
• Step 2: Howard's p-adic height formula formula for derived heights. In light of the construction of κ E,K and the interpolation properties satisfied by Col η and Θ f /K , the equality (1.8) specialized at the trivial character shows that
In other words, viewing it as an equality in the power series ring Z p [[T ]], the above implication is what can be drawn from (1.8) evaluated at T = 0. To further deduce the non-vanishing of κ E,K we are led to look at the leading term of (1.8) at T = 0. To that end, let
be the filtration defined by Bertolini-Darmon [BD95] and Howard [How04] , and let
be the r-th derived anticyclotomic p-adic height pairing of [BD95, How04] . From the known properties of h (r) , one can easily see that if
as we have under our hypotheses, then (1.9) reduces to
for some even integer r 2. On the other hand, setting
one can deduce that r ρ from the work of Skinner-Urban [SU14] ; in particular, Sel(Q, 
for all x ∈ S (ρ) = E(Q) ⊗ Z Q p . Since our assumptions immediately imply that the map log p is nonzero, the non-vanishing of κ E,K follows.
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2. Derived p-adic height pairings 2.1. Notation and definitions. In this section, we review the definition of the derived padic height pairings in [How04] . Let p be a rational prime and let K be a number field. Let Σ be a finite set of places of K containing all archimedean places and all places above p. Let K Σ be the maximal algebraic extension of K unramified outside Σ and let
We assume that all primes above p are totally ramified in
Let O be a local ring finitely generated over Z p with maximal ideal m.
Λ . Let K be the localization of Λ O at the prime mΛ O , and set P := K/Λ O . Likewise we define T K = T ⊗ O K{−1} and T P = T ⊗ O P {−1}. We shall denote the limits
with respect to the restriction and corestriction maps, respectively. Let
be the canonical projection map. Throughout, by [How04, Lem. 1.4] and Shapiro's lemma, we shall make use of the identification
Let T * = Hom(T, O(1)) and denote by e :
For every place v of K, define the bilinear pairing
Fix a topological generator γ of Γ ∞ and set
n , w n Kn,v τ.
2.2. In this subsection, we suppose that m m = 0 for some positive integer m, namely that O is Artinian. By [How04, Lem. 1.2], we then have
Moreover, by [How04, Lem. 1.5] and Shapiro's lemma, there is a natural isomorphism
Let J be the augmentation ideal of Λ O , the principal ideal of Λ O generated by γ − 1. For each positive integer r, put
This defines a decreasing filtration Y
(1) 
lifting s and t, respectively, and let
According to the definition of the Cassels-Tate pairing [How04, (2), p. 1321], we find that
be cocycles representing z and w Σ . Then y = z/(γ − 1) and t Σ = w Σ /(γ − 1) are liftings of z and t Σ . Invoking the formula (2.5) with ǫ 0 = 0 (d z = 0), we obtain
This completes the proof.
2.3. Derived p-adic heights for elliptic curves. Let E be an elliptic curve over K with good ordinary reduction at every place above p. Let T = T p E be the p-adic Tate module of E, and take Σ to consist of the set of archimedean places, the p-adic places, and the places where E has bad reduction. For every positive integers k and r, we consider the module Y
Since T * k = T k and F ⊥ = F under the Weil pairing, we have the derived height pairing
and h Z/p k Z are clearly compatible with k under the quotient map Z/p k+1 Z → Z/p k Z. Taking the inverse limit over k, we let
According to [How04, Lem. 4 .1] there is canonical isomorphism
, and we let S 
Proof. This follows from Proposition 2.1 and the fact that H 1 (K n,v , T ) ⊗ Q p = 0 for every place v ∤ p.
3. Perrin-Riou's theory for Lubin-Tate formal groups 3.1. The purpose of this section is to compute the derived p-adic heights via Perrin-Riou's big exponential maps. We begin with a review of the generalization of Perrin-Riou's theory to Lubin-Tate formal groups developed in [Kob18] . Throughout we fix a completed algebraic closure C p of Q p . Let Q ur p ⊂ C p be the maximal unramified extension of Q p and let σ ∈ Gal(Q ur p /Q p ) be the absolute Frobenius element. Let F be an unramified finite extension of
be the Lubin-Tate Z × p -extension associated with the formal group F. For n ≥ 0, let F n be the subfield of F ∞ with Gal(F n /F ) ≃ (Z/p n+1 Z) × and set
Proof. This is [Kob18, Prop. 5.4].
Let L ⊂ C p be a finite extension over Q p . Let V be a finite-dimensional L-vector space on which G Qp acts as a continuous L-linear crystalline p-adic Galois representation. Let D(V ) = D cris,Qp (V ) be the filtered ϕ-module associated with V over Q p and set
Let d : R → Ω R be the standard derivation. Fixing an invariant differential form ω F ∈ Ω R , we denote by log F ∈ R ⊗Q p the logarithm associated with ω F satisfying log F (0) = 0 and d log F = ω F , and define ∂ :
] be a basis of the Tate module of F, where the inverse limit is taken with respect to the maps
Let t ǫ ∈ B dR be the p-adic period corresponding to ǫ and the logarithm log F constructed in [Kob18, p. 42] . We have D cris,F (ε F ) = F t −1 ǫ and (3.1) ϕt ǫ = ̟t ǫ for some uniformizer ̟ in F . We shall fix an extension
, and ψ Gm (f ) is the unique power series such that
We shall fix a sequence of p-power roots of unity {ζ p n } n=1,2,3,... with ζ 
be Λ-modules. The following result is proved by Perrin-Riou [PR94] and Berger in the case F = G m and extended by Kobayashi [Kob18, Appendix] .
where
is a solution of the equation
To introduce the Coleman map, we further assume the following hypothesis:
For simplicity, we shall simply write H h,F for H h,F (G ∞ ). We let
To each e ∈ R ψ F =0 and a generator ǫ of the Tate module of F, we associate the unique
the absolute Frobenius element. Fix an isomorphism ρ : G m ≃ F defined over W and let
This implies that e(0) ∈ O × . Now we fix ǫ := {ǫ n } n=0,1,... to be the generator of the Tate module of F given by
Theorem 3.4. Let ψ be a p-adic character of G ∞ such that ψ = χκ j F with χ a finite order character of conductor p n+1 . If j < 0, then
Here τ (ψ) is the Gauss sum defined by
Proof. This follows from the computation in the proof of [Kob18, Thm. 5.10, Thm. 9.10] (cf.
[LZ14, Theorem 4.15]).
3.3. The derived p-adic heights and the Coleman map. Let E be an elliptic curve over Q with good ordinary reduction at p. 
-module of rank one. Let e ∈ R ψ F =0 be a generator such that e(0) = 1.
) be the ϕ-eigenvector such that
Lemma 3.5. We have
The equation ψ F e(X) = 0 implies
It follows that
and hence
Proof. We first recall that for every e ∈ (R ⊗ O W) ψ F =0 , the big exponential map Ω V,1 (η ⊗ e) in Theorem 3.3 is given by
where G e ∈ D(V ) ⊗ H 1,Q is a solution of (1 − ϕ ⊗ ϕ F )G e = η ⊗ e. By the definition of G e , we verify that (3.5) 
On the other hand,
and prK
It follows immediately that
By definition,
with g ρ = ρ(1+X). From (3.6) with e = g ρ and the fact that g
cyc . Now the lemma follows from (3.7).
Now we give a formula of the derived p-adic heights over K ∞ in terms of the Coleman map over F ∞ . For every prime v of K above p, let H 1 fin (K v , V ) be the Bloch-Kato finite subspace of H 1 (K v , V ) and set
Since p is of good reduction for E, we have
is the image of exp Kv,V . To simplify the notation, we write Col η (−) for prK
Then we have the p-adic height formula
Here x and z are the complex conjugates of x and z.
Proof. Let w p := cor F∞/K∞ (w η ) ∈ H 1 fin (K ∞ , V ). Since dim Qp H 1 fin (Q p , V ) = 1, we can write
for some c ∈ Q p . By Lemma 3.5,
Since ϕη = α −1 p η, this shows that
Applying Corollary 2.2, we find that that
Since ρ(1 + X) = h e · e and e(0) = 1, we find that 1 = e(0) · (h e | γ=1 ) and hence h e ≡ 1 (mod J). The assertion follows from the above equation and Lemma 3.6.
Euler system construction of theta elements
In this section we prove Theorem 4.7, recovering the square-root anticyclotomic p-adic Lfunctions of Bertolini-Darmon [BD96] (in the definite case) as the image of a p-adic family of the diagonal cycles of Darmon-Rotger [DR17a] via Perrin-Riou's exponential map for a certain Lubin-Tate Z p -extension. 4.1. Ordinary Λ-adic forms. Fix a prime p > 2. Let I be a normal domain finite flat over Λ :
where O is the ring of integers of a finite extension L/Q p . We say that a point x ∈ Spec I(Q p ) is locally algebraic if its restriction to 1+pZ p is given by x(γ) = γ kx ǫ x (γ) for some integer k x , called the weight of x, and some finite order character ǫ x : 1+ pZ p → µ p ∞ ; we say that x is arithmetic if it has weight k x 2. Let X + I be the set of arithmetic points. Fix a positive integer N prime to p, and let χ : (Z/N pZ) × → O × be a Dirichlet character modulo N p. Let S o (N, χ, I ) be the space of ordinary I-adic cusp forms of tame level N and branch character χ, consisting of formal power series
such that for every x ∈ X + I the specialization f x (q) is the q-expansion of a p-ordinary cusp form f x ∈ S kx (N p rx+1 , χω 2−kx ǫ x ). Here r x 0 is such that ǫ x (1 + p) has exact order p rx , and ω : (Z/pZ) × → µ p−1 is the Teichmüller character.
We say that f ∈ S o (N, χ, I) is a primitive Hida family if for every x ∈ X + I we have that f x is an ordinary p-stabilized newform (in the sense of [Hsi17, Def. 2.4]) of tame level N . Given a primitive Hida family f ∈ S o (N, χ, I), and writing χ = χ ′ χ p with χ ′ (resp. χ p ) a Dirichlet modulo N (resp. p), there is a primitive f ι ∈ S o (N, χ p χ ′ , I) with Fourier coefficients
having the property for every x ∈ X + I the specialization f ι x is the p-stabilized newform attached to the character twist f x ⊗ χ ′ .
By [Hid86] (cf. [Wil88, Thm. 2.2.1]), attached to every primitive Hida family f ∈ S o (N, χ, I) there is a continuous I-adic representation ρ f : G Q → GL 2 (Frac I) which is unramified outside N p, and such that for every prime ℓ ∤ N p,
where ℓ ∈ I × is the image of ℓω −1 (ℓ) under the natural map 1+pZ
In particular, letting ε cyc I : G Q → I × be defined by ε cyc I (σ) = ε cyc (σ) I , it follows that ρ f has determinant χ −1 I ε −1 cyc , where χ I : G Q → I × is given by χ I := σ χ ε cyc −2 ε cyc I with σ χ the Galois character sending Frob ℓ → χ(ℓ) −1 . Moreover, by [Wil88, Thm. 2.2.2] the restriction of ρ f to G Qp is given by
be a triple of primitive Hida families. Set
which is a finite extension of the three-variable Iwasawa algebra R 0 := Λ⊗ O Λ⊗ O Λ, and define the weight space X f R for the triple (f , g, h) in the f -dominated unbalanced range by
where X cls Ig ⊃ X + Ig (and similarly X cls
) is the set of locally algebraic points in Spec I g (Q p ) for which g x (q) is the q-expansion of a classical modular form. N g , N h ), and consider the following hypothesis: Theorem 4.1. Assume that the residual representationρ f satisfies (CR)ρ f is absolutely irreducible and p-distinguished, and that, in addition to (Σ − ), the triple (f , g, h) satisfies
where:
• α(k, ℓ, m) ∈ R is a linear form in the variables k, ℓ, m,
),
and f 
4.3.
Triple tensor product of big Galois representations. Let (f , g, h) be a triple of primitive Hida families with χ f χ g χ h = ω 2a for some a ∈ Z. For φ ∈ {f , g, h}, let V φ be the natural lattice in (Frac I φ ) 2 realizing the Galois representation ρ φ in theétale cohomology of modular curves (see [Oht00] ), and set
This has rank 8 over R, and by hypothesis its determinant can be written as det V f gh = X 2 ε cyc for a p-ramified Galois character X taking the value (−1) a on complex conjugation. Similarly as in [How07, Def. 2.1.3], we then define the critical twist
More generally, for any multiple N of N φ one can define Galois modules V φ (N ) by working in tame level N ; these split non-canonically into a finite direct sum of the I φ -adic representations V φ (see [DR17a, §1.5 .3]), and they define V † f gh (N ) for any N divisible by lcm (N f , N g , N h ).
If f is a classical specialization of f with associated p-adic Galois representation V f , we let V f,gh be the quotient of V f gh given by
Denote by V † f,gh the corresponding quotient of V † f gh , and by V † f,gh (N ) its level N counterparts. 4.4. Theta elements and factorization. We recall the factorization proven in [Hsi17, §8] . Let f ∈ S 2 (pN f ) be a p-stabilized newform of tame level N f defined over O, let f • ∈ S 2 (N f ) be the associated newform, and let α p = α p (f ) ∈ O × be the U p -eigenvalue of f . Let K be an imaginary quadratic field of discriminant prime D K . Write
with N + (resp. N − ) divisible only by primes which are split (resp. inert or ramified) in K, and choose an ideal
Although Theorem 4.2 below is also available without this condition, we assume that pO K = pp splits in K, with p the prime of K above p induced by our fixed embedding (i) (pN f , cD K ) = 1, (ii) N − is the square-free product of an odd number of primes, (iii)ρ f is absolutely irreducible and p-distinguished, (iv) if q | N − is a prime with q ≡ 1 (mod p), thenρ f is ramified at q. There exists a unique element Θ f /K,χ (T ) ∈ O[[T ]] such that for every p-power root of unity ζ ∈ Q p :
• n 0 is such that ζ has exact order p n , When χ is the trivial character, we write Θ f /K,χ (T ) simply as Θ f /K (T ). Suppose now that f is the specialization of a primitive Hida family f ∈ S o (N f , I) with branch character χ f = 1 at an arithmetic point x 1 ∈ X + I of weight 2. Let ℓ ∤ pN f be a prime split in K, let χ be a ring class character of K of conductor ℓ m O K for some even m > 0. Set C = D K ℓ 2m and let
be the primitive CM Hida families constructed in [Hsi17, §8.3], where η K/Q is the quadratic character associated to K. The p-adic triple product L-function of Theorem 4.1 for this triple
denote the restriction to the "line" S = S 2 = S 3 of its image under the specialization map at x 1 . Let K ∞ be the Z 2 p -extension of K, and let
p . Denoting by c the action of the non-trivial automorphism of K/Q, the character Ψ 
Proof. This is the factorization formula of [Hsi17, Prop. 8.1] specialized to S = S 2 = S 3 , using the interpolation property for Θ f /K,χ 2 (T ) at ζ = 1.
Remark 4.4. The factorization of Proposition 4.3 reflects the decomposition of Galois representations
4.5. Euler system construction of theta elements. For the rest of the paper, assume that f , g = θ ψχ (S), and h = θ ψχ −1 (S) are as in §4.4, viewing the latter two in
Keeping the notations from §4.3, by [DR16, §1] there exists a class
f,gh (N )) constructed from twisted diagonal cycles on the triple product of modular curves of tame level N (we shall briefly recall the construction of this class in Theorem 4.6 below), where we may take N = lcm(N f , C).
Every triple of test vectorsF = (f ,g,h) defines a Galois-equivariant projection
gives the universal character of Γ ∞ = Gal(K ∞ /K), by (4.4) and Shapiro's lemma we have the equalities
Let g and h be the weight 1 eigenform θ χ and h = θ χ −1 , respectively, so that the specialization of (g, h) at T = 0( ⇐⇒ S = v − 1) is a p-stabilization of the pair (g, h).
Lemma 4.5. Assume that L(1, f ⊗ g ⊗ h) = 0 and that L(f /K ⊗ χ 2 , 1) = 0. Then for every choice of test vectorsF = (f ,g,h) we have:
Proof. Let κ = κ(f ,gh) and for ? ∈ {f, g, h}, let F 0 V ? be the rank one subspace of V ? fixed by the inertia group at p. By (4.7), in order to prove (1) it suffices to show that some specialization of κ has trivial image in H 1 (K, V f (1) ⊗ χ 2 ). Let
Thus the implications We proceed to prove (2). We know that the local class loc p (κ) belongs to H 1 (Q p , F + V † f gh ), where
is a rank four subspace of V † f gh (see [DR17a, Cor. 2.3] ). In our case where (g, h) = (θ ψχ , θ ψχ −1 ), we have
where Ψ T is viewed as a character of G Qp via the embedding K ֒→ Q p induced by p. From part (1) of the lemma, it follows that
T ). We thus conclude that loc p (κ) = 0, and hence loc p (κ) = 0.
From now on, assume that f • ∈ S 2 (N f ) is the newform corresponding to an elliptic curve E/Q with good ordinary reduction at p. In particular, V f (1) ≃ V p E ⊗ Qp L, and under the conditions in Lemma 4.5 we have a class κ(f ,gh)
The following key theorem is a variant of the "explicit reciprocity law" of [DR17a, Thm. 5.3] specialized to our setting.
Proof. We begin by briefly recalling from [DR17a, §1] the construction of the class κ(f, gh) in (4.5). In the following, all references are to [DR17a] unless otherwise stated.
Consider the triple product of modular curves over Q:
where X 0 (N p) and X s are the classical modular curves attached to the congruence subgroups Γ 0 (N p) and Γ 1 (N p s ), respectively, and the module for the latter is the one such that the cusp i∞ is defined over Q. The group G 
The following theorem gives a construction of Θ f /K (T ) from a p-adic family of diagonal cycles.
Theorem 4.7. With notations and assumptions as in Theorem 4.6, we have
, where C f,χ ∈ K(χ, α p ) × is the non-zero algebraic number as in Proposition 4.3.
Proof. Note that a p (g)a p (h) −1 = χ(p) 2 . The theorem thus follows immediately from Proposition 4.3 and Theorem 4.6. 4.6. Generalized Kato classes. Set α = χ(p), and denote by (g α , h α −1 ) the weight 1 forms obtained by specializing the Hida families (g, h) at S = v − 1. Thus g α (resp. h α −1 ) is the p-stabilization of the theta series g = θ χ (resp. h = θ χ −1 ) having U p -eigenvalue α (resp. α −1 ). By specialization, the O[[S]]-adic class in (4.6) yields the class
and alternatively changing the roles of p and p in the construction g and h we thus obtain the four generalized Kato classes
From now on, we assume that α = ±1, so that the four classes (4.15) are a priori distinct. Recall that f is the p-stabilization of the newform associated to an elliptic curve E/Q, so that V f (1) = V p E, and let κ α,α −1 , κ α,β −1 , κ β,α −1 , κ β,β −1 ∈ H 1 (K, V p E) be the image of the classes (4.15) under the map H 1 (Q, V f gh ) → H 1 (K, V p E) induced by (1.5).
Corollary 4.8. Assume that L(E/K, 1) = 0 and that L(f /K ⊗ χ 2 , 1) = 0. Then:
Proof. By the factorization (1.6), the inclusions in part (1) follow from the proof of Lemma 4.5. To see part (2), we make use of the 3-variable generalized Kato class κ :
where 
It follows that the projection κ ′ V of κ ′ into H 1 (K ∞ , V p E) is crystalline at p, and hence κ ′ V is a Selmer class for V p E over the anticyclotomic tower K ∞ /K. Since the space of such universal norms is trivial by (the sign of E/K is +1 in our case), this shows that κ ′ V = 0 and therefore κ(f, g α , h β −1 ) = κ α,β −1 = 0. The vanishing of κ β,α −1 is shown in the same manner.
Proof of the main result
Proof of Theorem 1. We begin by noting that our hypotheses imply that for every place v of K above p the restriction map
is nonzero. Indeed, the finiteness of Ш(E/K)[p ∞ ] (which follows from our hypotheses that
is also finite by [Kol88] ) implies that Sel(K, V p E) ≃ E(K) ⊗ Z Q p , and the claim follows from the inclusion E(K) ⊂ E(K v ) and the injectivity of the local Kummer map
where the second arrow is given by (3.8). 
and S (r+1) is the null space of r-th derived height pairing h (r) : By the second part of [How04, Thm. 4.2], it follows that h (1) is identically zero on S, and so S = S (2) , and more generally S (r) = S (r+1) for every odd r 1.
In particular, the above show that under our hypotheses we have
Combined with parts (c) and (d) of [How04, Cor. 4 .3], it follows that (5.1) reduces to
for some even r 2 and the derived height h (r) is a non-degenerate pairing on S (r) . Let X ∞ be the Pontrjagin dual of Sel p ∞ (E/K ∞ ), which is known to be Λ-torsion [BD05] . Let J ⊂ Λ be the augmentation ideal, and fix a pseudo-isomorphism On the other hand, by our hypotheses onρ E,p the divisibility in the Iwasawa main conjecture due to Skinner-Urban [SU14] (see [loc.cit., §3.6.3]) implies that (Θ 2 f /K ) ⊂ (L p ), and so (5.4) r ρ := ord J (Θ f /K ).
Letθ f /K be the leading coefficient of Θ f /K defined bȳ
From (5.2) and (5.4) we see that S = S (ρ) . Thus combining the derived p-adic height formula in Proposition 3.7, Theorem 4.7 and part (2) of Lemma 4.5, we deduce that for every x ∈ S (ρ) = E(Q) ⊗ Z L we have (5.5) h (ρ) (κ α,α −1 , x) = 1 − p −1 α p 1 − α
where α p is the p-adic unit root of X 2 −a p (E)X +p = 0, and C is a non-zero algebraic number with C 2 ∈ K(χ, α p ) × . Since as noted above our hypotheses imply thatθ f /K = 0 and the map log ω E ,p is nonzero, we see that r = ρ and the non-vanishing of κ α,α −1 follows.
Remark 5.1. By the height formula (5.5), we can deduce that the class κ α,α −1 mod Q × actually only depends on K and is independent of the auxiliary choice of ring class character χ, and that as elements in E(Q) ⊗ Z L we have
h (ρ) (P, Q) · P ⊗ log p Q − Q ⊗ log p P with a basis (P, Q) of E(Q) ⊗ Z Q.
Numerical examples
In the following examples, we consider elliptic curves E/Q with rank Z E(Q) = 2 and conductor N ∈ {q, 2q} where q is a prime, ∆ > 0 a square-free integer such that q is inert in K = Q( √ −∆) and the L-series of the quadratic twist E K does not vanish at 1, and p > 2 the smallest odd good ordinary prime for E which is split in K. For every such triple (E, p, −∆), letting f ∈ S 2 (Γ 0 (N )) be the newform associated with E, we give numerical examples where the associated theta element To explain these numerical examples, let K ∞ /K be the anticyclotomic Z p -extension of K, let K n ⊂ K ∞ be the subfield with [K n : K] = p n , and let Θ E/K,n ∈ Z p [Gal(K n /K)] be the n-th theta element, so that Θ E/K = lim ← − n Θ E/K,n .
Fix a topological generator γ of Gal(K ∞ /K), which yields Gal(K n /K) = (Z/p n Z)γ. Let B be the definite quaternion algebra of discriminant q and Cl(B) be the class group of the maximal order of B. Let f E : Cl(B) → Z be the (p-adically normalized) Hecke eigenfunction associated with f by the Jacquet-Langlands correspondence, and fix a norm-compatible sequence {P † n } of regularized Gross points of level n in Cl(B). By definition, we then have with H p the ring class field of K of conductor p. Since (p n , (1+T ) p n −1) ⊂ (p n , T p ) and p > 2, to check the vanishing Θ E/K (T ) to exact order 2 at T = 0, it suffices to compute Θ E/K,n (T ) for sufficiently large n. The following examples are obtained by implementing the programs in SAGE. E p −∆ Θ E/K,2 (T ) mod (p 2 , T p ) 389a1 3 −2 3T 2 433a1 11 −7 88T 2 + 22T 3 + 86T 4 + 7T 5 + 10T 6 + 12T 7 + 29T 8 + 88T 9 + 48T 10 446c1 7 −3 22T 2 + 27T 3 + 3T 4 + 16T 5 + 11T 6 563a1 5 −1 18T 2 + 9T 3 + 5T 4 643a1 5 −1 T 2 + 21T 4 718b1 5 −19 3T 2 + 20T 3 + 12T 4 794a1 7 −3 47T 2 + 23T 3 + 8T 4 + 24T 5 + 7T 6 997b1 3 −2 7T 2 997c1 3 −2 4T 2 1034a1 5 −19 22T 2 + 4T 3 + 6T 4 1171a1 5 −1 6T 2 + 6T 3 + 20T 4 1483a1 13 −1 128T 2 + 148T 3 + 127T 4 + 162T 5 + 30T 6 + 149T 7 + 141T 8 + 97T 9 + 49T 10 + 13T 11 + 29T 12 1531a1 5 −1 16T 2 + 7T 3 + 21T 4 1613a1 3 −2 4T 2 1627a1 13 −1 101T 2 + 151T 3 + 58T 4 + 104T 5 + 3T 6 + 165T 7 + 128T 8 + 63T 9 + 17T 10 + 55T 11 + 166T 12 1907a1 13 −1 72T 2 + 131T 3 + 32T 4 + 142T 5 + 84T 6 + 104T 7 + 90T 8 + 105T 9 + 38T 10 + 92T 11 + 116T 12 1913a1 7 −3 41T 2 + 16T 3 + 28T 4 + 23T 5 + 14T 6 2027a1 13 −1 54T 2 + 128T 3 + 65T 4 + 93T 5 + 83T 6 + 161T 7 + 113T 8 + 133T 9 + 49T 10 + 151T 11 + 13T 12 E p −∆ Θ E/K,3 (T ) mod (p 3 , T p ) 571b 5 −1 100T 2 + 100T 3 + 15T 4 709a1 3 −2 9T 2 1621a1 11 −2 1089T 2 + 807T 4 + 986T 5 + 586T 6 + 1098T 7 + 772T 8 + 228T 9 + 1296T 10
